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Abstract. Let 9Jl„ be the set of equivariant unoriented cobordism classes of all n- 
dimcnsional 2-torus manifolds, where an n-dimensional 2-torus manifold M is a smooth 
closed manifold of dimension n with effective smooth action of a rank n 2-torus group 
(Z2)". Then 9Jt„ forms an abelian group with respect to disjoint union. This paper 
determines the group structure of 97l n and shows that each class of 9Jt„ contains a small 
cover as its representative in the case n — 3. 



1. Introduction 

An n- dimensional 2-torus manifold M is a smooth closed manifold of dimension n with 
effective smooth action of a rank n 2-torus group (Z 2 ) n . Since the action is effective, the 
fixed point set of the action is O-dimensional (i.e., it is formed by finitely many isolated 
points) if M has a fixed point. In this paper, we shall study this class of geometrical 
objects from the viewpoint of cobordism. 

Let 97l n denote the set of equivariant unoriented cobordism classes of all n-dimensional 
2-torus manifolds. Then 97t n forms an abelian group with respect to disjoint union, and 
in particular, 9Jt n also forms a vector space over Z 2 . The zero element of DJl n is given 
by a canonical 2-torus manifold, which is the n-dimensional standard sphere S n with the 
standard (Z 2 ) n -action defined by 

(xo,Xx,...,x n ) 1 — > (x ,g 1 x 1 , ...,g n x n ), 

fixing two isolated points with same (Z 2 ) n -representation, where (xq,X\, ...,x n ) G S n and 
(gi, ...,g n ) G (Z 2 ) n . When n = 1, 2, it is known from the work of Conner and Floyd |CFj 
that DJli is trivial and 9H 2 is generated by the standard (Z 2 ) 2 -action on !LP 2 . As for 
n > 3, as far as the author knows, the structure of 9Jt n is still far from well understood. 
One of main objectives of this paper considers the following problem. 

Problem: To determine the group structure o/9Jt n when n > 3. 

In 1991, Davis and Januszkiewicz introduced and studied a kind of special 2-torus 
manifolds — small covers, each of which is locally isomorphic to a faithful representation 
of (Z 2 ) ra on M n , and its orbit space is a simple convex polytope. This establishes a direct 
link between equivariant topology and combinatorics. A typical example of an equivariant 
nonbounding small cover is a real projective space M.P n with a standard action of (Z 2 ) n . 
Its orbit space is an ra-simplex. Another typical example of a bounding small cover is a 
product of n copies of a circle S 1 with reflection, and its orbit space is an n-cube. Thus, 
we see that when n — 2, two typical examples above can be used as representatives of 
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two classes in 9Jt 2 , respectively. This leads us to another objective of this paper, i.e., the 
following conjecture. 

Conjecture: Each class of 9Jl n contains a small cover as its representative. 

Note that in non-equivariant case, the above conjecture has been shown to be true by 
Bukhshtaber and Ray in [BRj . 

In this paper we settle the above problem and conjecture in 3-dimensional case, see 
Theorems 16.21 and 17.11 

The paper is is organized as follows. In Section 2, we formulate the complete equivariant 
cobordism invariant (i.e., prime tangent representation set Mp) of 2-torus manifolds from 
Stong homomorphism, and then we study some properties of the complete equivariant 
cobordism invariant Mp. In Section 3 we introduce the notion of an essential generator 
of 97t n , and show that any element of 9Jt n is a linear combination of essential generators. 
In Section 4, we review the work of Davis and Januszkiewicz [DJ] and give two kinds 
of 3-dimensional small covers, which play a key role in the study of In Section 5 
we introduce the moment graphs induced by 2-torus manifolds. The group structure of 
OK3 is determined completely in Section 6, and the above conjecture is settled in the 
3-dimensional case in Section 7. 

The author expresses his gratitude to Professor M. Masuda for his valuable suggestions 
and comments, and especially for helpful conversation in the argument of Proposition 12.31 
The author also expresses his gratitude to Professor R.E. Stong for his valuable suggestions 
and comments. 

2. G- REPRESENTATIONS AND STONG HOMOMORPHISM 

Let G = (Z 2 ) n , and let Hom(G, Z 2 ) be the set of all homomorphisms p : G — > Z 2 , which 
consists of 2 n distinct homomorphisms. One agrees to let po denote the trivial element in 
Hom(G, Z 2 ), i.e., po{g) = 1 for all g G G. The irreducible real G-representations are all 
one-dimensional and correspond to all elements in Hom(G, Z 2 ). Thus, every irreducible 
real representation of G has the form X p : G x K. — ► K. with X p (g,x) = p(g) ■ x for 
p G Hom(G,Z 2 ). 

Given an element f3 of 9Jt n , let (M, <p) be a representative of f3 such that M has a fixed 
point. Taking an isolated point p in M G , the G- representation at p can be written as 

T pM = A* 

p¥=po 

with Ylp^p <?p = n - By the Borel Theorem (see |APj ) and the effectiveness of the action, 
if q p 7^ 0, then q p must be one. Thus, r p M is the direct sum of n irreducible real G- 
representations (which are linearly independent). The collection Mm — {[ T pM\ \ p G M G } 
is called the tangent representation set of (M, 0) , where [t p M] denotes the isomorphism 
class of T p M. 

By R n {G) denote the vector space over Z 2 , generated by the representation classes of 
dimension n. Then R*(G) = ^2 n>0 R n (G) is a graded commutative algebra over Z 2 with 
unit. The multiplication in R*(G) is given by [Vi] • |V 2 ] = [Vi© Vq\. We can identify R*{G) 
with the graded polynomial algebra over Z 2 generated by Hom(G, Z 2 ), where the addition 
in Hom(G, Z 2 ) is given by the tensor product of representations (p + p)(g) = p(g) ■ p(g), 
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and the multiplication is given by the direct sum of representations. The homomorphisms 
Pi : (gi,...g n ) i — ► give a standard basis of Hom(G,Z 2 ). Then R*(G) is isomorphic 
to the graded polynomial algebra Z 2 [pi, p n }. Obviously each [r p M] of Mm uniquely 
corresponds to a monomial of degree n in Z 2 [/?i, p n ] such that the n factors of the 
monomial form a basis of Hom(G, Z 2 ). 

There is a natural homomorphism S n : Wl n — > R n {G) defined by 

5 n ([M,0])= X)M4 

peM G 

The following result is essentially due to Stong [Sj. 

Theorem 2.1 (Stong). 5 n is a monomorphism. 

Theorem 12. II implies that for each (3 in VJt n , there must be a representative (M, cb) of (3 
such that A/m is prime (i.e., either all elements of Mm are distinct or Mm is em Pty)> an d 
A/m is uniquely determined by j3. Define 

Mp := Mm 

and it is called the prime tangent representation set of (3. Then 
Corollary 2.2. Let f3 u f3 2 G Ott n . T/ien 

^ = f3 2 ^M Pl =M^. 

Remark 2.1. Since Hom(G,Z 2 ) is isomorphic to G, each [r p M] of Mm actually corre- 
sponds a unique element (denoted by [A p ]) in the quotient GL(n, Z 2 )/S n , where S n is 
a subgroup generated by all matrices of the form Eij (i.e., the identity matrix E makes 
an exchange between the i-th column and the j-th column), and it is isomorphic to the 
symmetric group of rank n. Thus, for any two a±, <r 2 in [A p ], there exists a matrix 9 in S n 
such that oi = This also means that there is a one-to-one correspondence between 
all bases of (Z 2 ) n and GL(n, Z 2 )/S n . Here we call [A p ] the tangent matrix at p. With 
this understood, we often regard each element [t p M] of Mm as being [A p ]. Note that 

|GL(n, Z 2 )| = 2^ nr=i(2 4 - 1), see (SEJ. 

Proposition 2.3. Let (3 be a nonzero element o/9Jt n . Then 

n(n — 1) _ — riri . ■ , 

„ +1 < w <^nr ri (2'-D 



n! 

In particular, such upper and lower bounds are the best possible. 

Proof. The lower bound of \Mp\ is a special case of the Theorem 1.2 in [L]. Thus, it 
suffices to give the proof of the upper bound. For this, it needs to merely show that there 

n(n — 1) 

2 — ^ — r~[ n (9* D 

is a nonzero element (3' G £DT n such that \Np'\ = , -■ 

Consider the standard (Z 2 ) n -action (MP n ,To) of (Z 2 )" on the real n-dimensional pro- 
jective space MP n defined by n commuting involutions 

t% ■ ( \%0i %1 , • • •) ^n] ) [^0; j ■• •) i— 1; %i 5 5 • • • 5 ^Jl] ? ^ 1, . . . , 

where tx, ...,t n generate (Z 2 ) n . This action fixes n + 1 isolated points 

p i+l = [0,...,0,1,0,...,0] 
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where i — 0, 1, 2, n, and one easily sees that its tangent matrix set is 

Z 1 \ 



A/" = {[Ai 



V 



1/J 



0,l,2,..,n} 



where the row vector (1, • • • , 1, • • • ,1) in Aj denotes i-th row, and one makes the con- 
vention that A = E when i = 0; especially, each [Aj] corresponds to the isolated point 
Pi+i. Obviously, No is prime. By direct computations, one has that AjAj = E and the 
result of the product AjA 3 -(i, j 7^ 0, j 7^ z) just makes an exchange between i-th column 
and j-th column of Aj. Thus, for i,j 7^ 0, one has 



(2.1) 



[AA 



[£] if % = j 
[A,] if i ? j. 



Now, let B n+ i denote the subset of GL(n, Z 2 ) defined as follows: 

B n+1 = {ae GL(n, Z 2 )|aA/"o = N } 

where aNo = {[crA ], [0A1], [oA n ]}. Obviously, i? n+ i is a subgroup of GL(n, Z 2 ), and 
each element of B n+ \ actually makes a permutation for [Ao], [Ai], [A„]. One then 
knows from (12.11) that each A, e B n+ \. 

Claim I. \B n+1 \ = (n + l)L 

First, we prove that B n+1 contains the symmetric group S n . Actually, this is because 
for any Eij in S n and any A/, 

[[A,] if i,j^/orZ = 
[E ij A l ] = i[A i ] if j = 1^0 
{ [Aj] if i = I ^ 0. 

Next, it is easy to see that for any a in B n+ i, a can be expressed as a product by some 
matrices of S n and some of the Aj's. Obviously, when i 7^ 0, Aj ^ S n . Thus, B n+ \ is 
generated by those matrices of S„ and all Aj, and Claim I then follows from this. 

Claim II. For any a, r e GL(n, Z 2 ), 

aN n tN ^ a No = tN . 



It is obvious that if a No = tN then aN H rN 7^ 0. Conversely, if aNo H tNq 7^ 0, 
then there are [Aj], [Aj] e No such that [oAj] = [rAj]. By the definition of B n+ i, one has 
that 



a. 



N = tN <^=^ CT 1 T E B n+1 . 
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Hence, it suffices to show that a 1 t G B n+ i. From [o~Aj] = [rAj], there is an element 
s G S n such that cAjS = rAj, so 

a~ x r = AjsAi. 

Note that A^ 1 = Aj. Furthermore, one concludes that a~ X T G B n+ \. 

For any automorphism a : (Z 2 ) n — > (Z 2 )™ where cr G GL(n, Z2), one obtains new gen- 
erators cr(ti), a{t n ) of (Z 2 ) n , and then one obtains a new (Z 2 ) n -action (M.P n , o~T ) from 
(RP n , T ) by using generators cx(ti), a(t n ) such that its tangent matrix set is (cr _1 ) T A/o- 
By the above arguments with Corollary 12.21 together, up to equivariant cobordism, there 

n(n — 1) 

are |G |g ( r+y = 2 ' (n+T)! (2 ' ~ different (Z 2 )"-actions (MP n ,aT ), and especially, the 
union of their tangent matrix sets just consists of all elements of GL(n, Z 2 )/S n . There- 
fore, taking 

(T', M' n ) = y (RP n , aT ) 

{(o- 1 )T} e GL(n,Z 2 )/Bn+i 

then the tangent representation set of this action is prime, and the number of its all 
elements is 

n(n — 1) _ — -_<r> / ■ •, n(n — 1) _ — , . . 

(n + l)x— llt=lV li '- J 



(n+1)! n! 
This completes the proof of the upper bound. □ 

3. Essential generators of ffl n 

Definition 3.1. Let (3 7^ in 9Jt n . One says that f3 is an essential generator if IA//3+7I > 
for any 7 G 9Jt n with \J\f 7 \ < \J\fp\. 

n(n — l) 
2 — ^2 — FT n ]\ 

We know from Proposition l2.3l that up to equivariant cobordism there are (n+iy. 

different (Z 2 ) n -actions (MP n , crT ), a G GL(n, Z 2 ), and each (RP n , aT ) fixes just n + 1 iso- 
lated points with different representations. Since the lower bound of \Mp\ for any nonzero 
element f3 of Wl n is n + 1, we have that each (RP n , crT ) is an essential generator. 

Lemma 3.1. Let (3 G 9Jt n . If (3 is an essential generator, then 

{n(ti— 1) 
2 — 3 — rp 1(2^-1) - f . j , 
'- if n is odd, 
2 2 n'-l(2 I -l) r 
2(n-l)i(n+i) z/nzseuen. 

Proof. If |A//3| = n + 1, then obviously the lemma holds. Now suppose that > n + 1 so 
(3 is not just one of the (RP n , o~Tq), a G GL(n, Z 2 ). Then one claims that for each (Z 2 ) n - 
action (RP n , crT ), Np cannot contain more than l 11 ^} elements in Af(M.P n ,aT ) ■ Actually, if 
not, then one has that |Atj| > \J\fp+[(RP n ,o-T )]\, but this is impossible since (3 is an essential 
generator. The lemma then follows from this claim. □ 

Proposition 3.1. Let (3 G 9Jt n . Then (3 is a linear combination of essential generators. 

Proof. The argument is trivial if (3 = or (3 is an essential generator. Suppose that 
(3 is nonzero and is not an essential generator. Then there exists some element 7 with 
\Af y \ < \Afp\ in Wl n such that (3 = (f3 + 7) + 7 with \Afp +J \ < If 7 or (3 + 7 is not an 

essential generator, since DJl n contains finite elements, by continuing the above process, 
finally (3 may be expressed as a linear combination of essential generators. □ 
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4. Small covers 

An n-dimensional convex polytope P n is said to be simple if exactly n faces of codi- 
mension one meet at each of its vertices. Each point of a simple convex polytope P n has 
a neighborhood which is affine isomorphic to an open subset of the positive cone M> . A 
smooth closed n-manifold M n is said to be a small cover if it admits an effective smooth 
(Z 2 ) n -action and is locally isomorphic to the standard action of (Z 2 ) n on W 1 such that 
the orbit space of the action is a simple convex polytope P n . 

A small cover is a special 2-torus manifold. A canonical example of small cover is the 
n-dimensional real projective space MP™ with the standard (Z 2 ) n -action whose orbit space 
is the n-simplex A™. 

Suppose that tc : M" — > P n is a small cover over a simple convex polytope P n . Let 
T(P n ) = {Fx, ...,Fg} be the set of co dimension-one faces (facets) of P n . Then there are 
i connected submanifolds Mi, ...,Mi determined by 7r and F t (i.e., Mj = ir~ 1 (F i )), which 
are called characteristic submanifolds here. Each submanifold Mj is fixed pointwise by the 
Z 2 -subgroup Gi of (Z 2 ) n , so that each facet Fj corresponds to the Z 2 -subgroup Gi. Since 
there is a canonical isomorphism from (Z 2 ) n to Hom(Z 2 , (Z 2 ) n ), such the Z 2 -subgroup Gi 
corresponds to an element Vi in Hom(Z 2 , (Z 2 ) n ). For each face F of codimension s, since 
P n is simple, there are s facets F^, F ig such that 

F = F h n-nF is . 

Then, the corresponding characteristic submanifolds M ix , M is intersect transversally 
in the (n — s)-dimensional submanifold tc~ 1 (F), and the isotropy subgroup Gf of 7r _1 (F) 
is a subtorus of rank s and is generated by G^, ■■■,Gi s (or is determined by v^, ...,Vi s in 
Hom(Z 2 , (Z 2 ) n )). Thus, this actually gives a characteristic function (see [DJj ) 

A : F{P n ) — > Hom(Z 2 , (Z 2 ) n ) 

defined by A(Fj) = Vi such that for any face F = F it n- • -nFj s of P n , A(F il ), A(F is ) are 
linearly independent in Hom(Z 2 , (Z 2 ) n ). When dimF = (i.e., s = n), F is a vertex of P n , 
which corresponds to a (Z 2 ) "-fixed point p of M. In this case, A(FjJ, A(F in ) uniquely 
determines a dual basis of Hom((Z 2 )™, Z 2 ), which just gives the tangent representation at 
p. Thus, the characteristic function A completely determines the tangent representation 
set Mm of fixed points of M n . 

By the work of Davis and Januszkiewicz [DJJ, there is a reconstruction process of M n 
by using the product bundle (Z 2 ) n x P n and A. Note that each point q € dP n must lie 
in the relative interior of a unique face F(q) of P n . Then, one may define an equivalence 
relation on (Z 2 ) n x P n as follows: 

(tx,x) ~ (t 2 ,x) tx% E G F{g) 

where x G F(q), so that the quotient space 

M(A) := (Z 2 ) n xF n /(t 1 ,x)~(t 2 ,x) 

is equivariantly homeomorphic to M n . Obviously, both M n and M(A) have the same 
characteristic function, so they also are cobordant equivariantly. 

By A(P n ) we denote the set of all characteristic functions on P n . Then we have 
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Proposition 4.1. Let n : M n — > P n be a small cover over a simple convex polytope 
P n . Then all small covers over P n are given by {M(A)|A G A(P n )} from the viewpoint of 
cobordism. 

Remark. Generally speaking, one cannot make sure that there always exist characteristic 
functions (or colorings) over a simple convex polytope P n when n > 4. For example, see 
[DJ, Nonexamples 1.22]. However, the Four Color Theorem makes sure that every 3- 
dimensional simple convex polytope always admits characteristic functions. 

The correspondence A i — ► a o A defines an action of GL(n, Z 2 ) on A(P n ), and it then 
induces an action of GL(n,Z 2 ) on {M(A)|A G A(P n )}, given by M(A) i — ► M{a o A). It 
is easy to check that such two actions are free. 

The following two kinds of small covers play a key important role on indicating the 
structure of £DT 3 . 

Example 4.1 (Small covers over a 3-complex A 3 ). A 3-simplex A 3 has four 2-faces, and 
a canonical characteristic function A on it is defined by assigning to p\, p\, pg, p* + p 2 + p% 
the four 2-faces of A 3 , where {p\, p\i Pz\ is the standard basis of Hom(Z 2 , (Z 2 ) 3 ), which 
corresponds to pi,p 2 ,p3 of Hom((Z 2 ) 3 , Z 2 ). Thus, {cr o G GL(3,Z 2 )} gives all 

characteristic functions on A 3 . Since the characteristic function of the standard ac- 
tion T of (Z 2 ) 3 on RP 3 is just A , {M(a o \ )\a G GL(3,Z 2 )} = {(MP 3 , aT )\a G 
GL(3,Z 2 )}. Proposition 12.31 has shown that, up to equivariant cobordism, there are 7 
different small covers in {M(a o A )|<7 G GL(3,Z 2 )} = {(MP 3 , exT )|(x G GL(3,Z 2 )}, de- 
noted by (RP 3 ,T ),(RP 3 ,T 1 ),...,(RP 3 ,Tq), respectively. A direct calculation gives the 
following table about the tangent representation sets of seven different small covers. 

Table I 



Small cover M 


tangent representation set Mm 


(RP 3 , T ) 


P1P2P3, Pl(pi + P2)(pi + Pl), P2(pl + p2)(p'2 + P3), P'i(pi + P3)(P2 + P3) 


(MP 3 , TO 


Pl(pi + Pl)(pi + P2 + pz),P\p2(p2 + p:i), P2p-i(p\ + p2),pt(p2 + Pi)(pl + P2 + Pa) 


(RP 3 ,T 2 ) 


Pl(pi + P3)(Pl + P2 + Pa),Plp3(p2 + P'i),p2p-i(pl + P3),p2(p2 + pa)(pl + p2 + P2,) 


(RP 3 ,T 3 ) 


Pl(pi +Pl)(pi + P2 + P3),plp2(pl + pi),plp3(pl + p2),Pi(pi + Pi)(pl + p2 + pi) 


(RP 3 , T 4 ) 


Pi (pi +P2)(P2 +p3),PlP2(pi +P2 +P3),P2(pi +P2)(pi + p;i), (pi +P3)(P2 + P3)(pi + P2 + P3) 


(RP 3 , T 5 ) 


Pl(Pl +P3)(P2 +P3),PlP3(Pl +P2 +P3),P3(Pl +P2)(Pl + P3), (Pi +P2)(P2 + P3)(Pl + P2 + P3) 


(RP 3 ,T 6 ) 


P2(Pl +P3)(P2 +P3),P2P3(Pl +P2 + P3), (Pi + P2)(Pl +P3)(Pl + P2 +P3),P3(Pl +P2)(P2 + P3) 



Example 4.2 (Small covers over a prism P 3 ). There exists only one simple convex 3- 
polytope with six vertices (i.e., a prism P 3 ), see [Ej. Let P 1 ,P 2 ,P 4 denote three square 
facets, and F 3 , F 5 two triangular facets in P 3 . From [CCL] we know that essentially there 
are five different characteristic functions Ai, A 2 , A3, A4, A5 under the action of GL(3, Z 2 ) on 
A(P 3 ), which are respectively defined by 





F 1 


F 2 


F 3 


F, 


F 5 


Ai 


Pi 


Pi 


Pi 


Pl + Pl 


Pl + Pl + Pi 


A 2 


Pi 


Pi 


Pi 


Pl + Pl 


Pl + Pl 


A 3 


Pi 


Pi 


Pi 


Pl + Pl 


Pl + Pl 


A 4 


Pi 


Pi 


Pi 


Pl + Pl 


Pi 


A 5 


Pi 


Pi 


Pi 


Pl + Pl + Pi 


Pi 
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It is easy to check that for any a G GL(3,Z 2 ), every one of Mio o A4) and M(o o 
A5) always bounds equivariantly. A direct calculation shows that for a\ — I 1 1 

( l 1 \ 

AV(<7 l0 Ai) = A^./(A 2 ), and for ct 2 = I 1 I , Mm^o^) = M M (\ 3 )- Smce A^Ax) is prime, 

by Corollary 12.21 all nonzero equivariant cobordism classes in {M(a o Ai) | cr e GL(3, Z 2 )} 
give those in all small covers over P 3 . By further computations, one obtains that there 
are only four matrices 



n = ! 1 \ -2 = I'i I ■ ~, = [ .1 1 I . -j 



such that t$A/m(Ai) = A/"m(Ai),^ = 1,2,3,4, and these four matrices form a subgroup of 
GL(3, Z 2 ). Thus, up to equivariant cobordism, there are GL ( 3 ' Za )l = 42 different nonboud- 
ing small covers over P 3 . We can even construct such small covers as follows. Consider 
the (Z 2 ) 3 -action $ on S 1 x RP 2 = S 1 x RP(C © R) defined by the following three 
commutative involutions 

ti : (z, [v,w]) 1 — ► (f, 

t 2 : (z, [v,w]) 1 — > (z, [zv,w]) 

t 3 : (2, [v, w]) 1 — ► (z, [-zv, w)). 

This action fixes six isolated points (±1, [0, 1]), (±1, [1,0]), (±1, [yf— T, 0]), and its orbit 
space is just a prime P 3 . A direct calculation shows that Mis 1 xkp 2 ,* ) cons ists of six 
distinct monomials pip 2 p 3 , P1P2 (P2 +P3) , P1P3 (P2 + P3) , Pi (pi + P2) (pi + P3) , Pi (pi + P2) (P2 + 
P3),Pi(pi + P3)(P2 + P3) of Z 2 [pi,p 2 ,p 3 ], so (S l x RP 2 , $0) is nonbounding. Further, up 
to equivariant cobordism, 42 different nonbouding small covers over P 3 can be given 
by applying automorphisms of (Z 2 ) 3 to (S 1 x MP 2 ,<I> ), and they are denoted by (S 1 x 
MP 2 ,$o), (S 1 x MP 2 ,$i), (S 1 x MP 2 ,$ 41 ), respectively. 



5. Graphs of actions 

Given a nonzero element (3 in %Jl n . Let (M n , 0) be a representative of (3 such that Mm 
is prime. Choose a nontrivial irreducible representation p in Hom((Z 2 ) n , Z 2 ), let C be a 
component of the fixed point set of kerp(= (Z 2 ) n_1 ) acting on M such that dimC > 0, 
and the action of (Z 2 ) n /kerp on C has a nonempty fixed point set. Then the dimension 
of C must be 1 since the action is effective, and thus C is equivariantly diffeomorphic to 
the circle S* 1 with a reflection fixing just two fixed points. Then one has an edge joining 
these two fixed points, which is labeled by p. Furthermore, one can obtain a graph Tm, 
which is the union of all those edges chosen for each p and C. Clearly, the set of vertices 
of Tm is just the fixed point set of (Z 2 ) n acting on M. Since the tangent representation 
at a fixed point p has n irreducible summands, the number of edges in Tm meeting at p is 
exactly n, so Tm is a regular graph of valence n. It should be pointed out that, generally, 
T m is not determined by f3 uniquely, and it depends upon the choice of representatives of 
/3. 
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Let E Tm denote the set of all edges in T M , and let Vr M denote the set of all vertices in 
T M . Given a vertex p in Vr M , let E p denote the set of n edges joining to p. Then there is 
a natural map a : Er M — > Hom((Z 2 ) n , Z 2 ) (called an axial function or a (Z 2 ) n -coloring, 
cf |GZ1] . |GZ2j . |BL] ). One knows from [L] that a satisfies the following properties: 

1) for each vertex p in Vr , a(E p ) spans Hom((Z 2 ) n , Z 2 ); 

2) for each edge e in Er p , 

| J a(x) = || a(y) mod a(e) 

X&Ep-Ee y&E q -Ee 

where p, q are two endpoints of e, and E e denotes the set of all edges joining two endpoints 
of e. The pair (Tm, ot) is called the moment graph of (M n ,<p). Since Mm is prime, one 
has from [L] that for each edge e in Tm, \E e \ = 1. 

Note. If M is a small cover over a simple convex polytope P n , then is just the 
1-skeleton of P n . In this case, it is easy to see that the map a : E^ M — > Hom((Z 2 ) ri , Z 2 ) 
is dual to the characteristic function A : jF(P n ) — > Hom(Z 2 , (Z 2 ) n ). In other words, both 
a and A are determined to each other. 

By |BL] we know that (rV, a) is a "good" (Z 2 ) n -coloring, so that each fc-nest A k of 
(Tm,oc) is a connected regular fc-valent subgraph of Tm with dim Spana(A fc ) = k, where 
Spana(A fc ) denotes the linear space spanned by all colors of edges in A k . By /C(r M , Q ) 
one denotes the set of all nests of (I'm, a). Since each fc-nest (k > 0) determines a k- 
dimensional subspace of Hom((Z 2 )™, Z 2 ), it corresponds to an (n— A;)-dimensional subspace 
in the dual space Hom(Z 2 , (Z 2 )™). This actually gives a dual map r\ from /C(r M , a ) to the 
set of all subspaces of Hom(Z 2 , (Z 2 )™), which is just the characteristic function when M 
is a small cover. Obviously, rj maps each (n — l)-dimensional nest of /C(r M>a ) to a nonzero 
element in Hom(Z 2 , (Z 2 ) n ). Since each vertex p is the intersection of n (n — l)-nests of 
fc(T M ,a)i ^ corresponds to a basis of Hom(Z 2 , (Z 2 ) n ), which is just the dual basis of the 
basis a(E p ) in Hom((Z 2 ) n , Z 2 ). 

From |BLj one knows that if dimM < 3, then (Tm, ot) always admits a skeletal expan- 
sion (note that if dimM > 4, under what condition (Tm,oc) admits a skeletal expansion 
is still open). This will directly lead us to use this result to study the group structure of 

Proposition 5.1 QBLJ). If dimM = 3, then (Tm,oc) admits a 2-skeletal expansion 
(N, K) such that N is a closed surface. 

6. Determination of 97t 3 
The main task of this section is devoted to determining the structure of 9^3. 
Lemma 6.1. Let (3 G 9JI3. Then \Mp\ is even. 

Proof. The Euler characteristic of any 3-dimensional closed manifold is always zero, and 
the lemma then follows from the classical Smith Theorem. □ 

By Proposition ^. 1[ the key point of determining the structure of DJI3 is to find out all es- 
sential generators in SDI3. The following proposition characterizes the essential generators 
of Tl 3 . 
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Proposition 6.1. A nonzero element (3 £ fX7t 3 is an essential generator if and only if 
\Np\ < 6. Further, all essential generators o/9Jt 3 are given by two kinds of small covers 
(MP 3 , aT ) and (S 1 x MP 2 , . 

Lemma 6.2. Let (3 £ SDT3 be nonzero. If\Mp\ < 6, i/iera /3 is an essential generator. 

Proof. If \J\fp\ = 4, then (3 is one of [(MP 3 , <tT )]'s so /3 is an essential generator. Thus, 
it suffices to consider the case \Mp\ = 6 by Lemma [6.11 From Example 14.11 we see that 
all A/(Rp3 )Tj ), i = 0, 1, ...,6 are disjoint to each other. We first claim that any intersection 
A//3 PI J\fmj ,3 ,T i ) cannot contain four elements. If not, then there exists some i such that 
|A/a + [(Kp3 T; )] I = 2. By [KSJ, (3 + [(MP 3 ,!^)] must be zero in 97t 3 , but this is impossible. 
Next, we shall prove that any intersection J\fp PI Mmp^^pA cannot contain three elements. 
If not, then there exists some % such that \Afp+[Q&p 3 t Tj,)]\ = 4, so that (3 + [(MP 3 ,Tj»)] 
must be the equivariant cobordism class of another (MP 3 ,Tj) with j 7^ i" . Further, f3 is 
the sum [(MP 3 ,Tj»)] + [(MP 3 ,Tj)], so \J\fp\ is 8 rather than 6. This is a contradiction. 
Combining the above argument, one has that \J\fp fl Mnp3 T .\\ is less than 3. Then the 
lemma follows from this. □ 

The following lemma indicates the connection between A = {(RP 3 ,Ti)\i = 0, 1, ...,6} 
and B = {(S 1 x RP 2 ,$j)\j = 0,1,. ..,41}. 

Lemma 6.3. Each (MP 3 ,Tj) of A corresponds to six small covers (S 1 x MP 2 , $j 1 ) J ,.. v 
(S 1 x MP 2 , $j 6 ) of B for which such six small covers are not cobordant to each other, and 

\N{RP3,Ti) n A/(5i X Kp2 | $ jtt )| =2,U = 1,...,6. 

Proof. Since all JV(RP 3 ,Ti), i = 0, 1, 6, are distinct and since all (MP 3 , Tj), i = 0, 1, 6, 
can be translated to each other up to cobordism by applying automorphisms of (Z2) 3 , it 
suffices to consider the case of (MP 3 ,T ). We see from the table I of Example 14.11 that 

A/"(RP3,t ) = {plp2p3, Pl(pl +P2)(P1 +P3),P2(P1 +P2)(P2 +p3),p 3 (pl +P3)(P2 +Ps)}- 

Obviously, any two monomials of N"mp 3 ,T ) gi ye fi ye elements of Hom((Z2) 3 , Z2), and there 
are exactly six such pairs in N"(m.p 3 ,t ) ■ Consider two monomials pxpiPz-, Pi (pi + P2) (pi + P3) 
of A/(kp3 )To ), we get five elements pi, p 2 , P3, Pi + P2, Pi + Ps of Hom((Z 2 ) 3 , Z 2 ). Using these 
five elements, we can define an axial function a on the 1-skeleton of a prism P 3 as shown in 
Figure [TJ Since a uniquely determines a characteristic function on P 3 , we obtain a small 



cover (S 1 x MP 2 , $01) with six fixed points over P 3 such that its tangent representation set 
A/(si xKP2,* 0l ) consists of six monomials P1P2P3, Pi (pi + P2) (pi +P3), P\Pi{p2 + Pz) , PiP3(p2 + 
P3),Pi(pi + P2)(P2 + P3),Pi(pi + P3)(P2 + P3)- Similarly, for other five pairs in A/( R p3 iTo) , we 



p-2 + P3 




P2 + P3 



Figure 1. An axial function a on the 1-skeleton of a prism P 3 
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can obtain five small covers (S 1 x MP 2 , <$>o u ), u = 2, 6 with their tangent representation 
sets as follows 



u 








XMP 2 ,* , 


■) 










2 


{PlP2p3,PlP 2 (Pl 


+ P3),P2P3(Pl 


4-p3),P2(Pl 


4-p2)(P2 


4-p3),P2(Pl 


4"P2)(Pl 


4-P3),P2(pi 4 


-P3)(P2 4-P3)} 




3 


{P1P2P3,P1PH(P1 


+ P2), P2P3(P1 


4-p2),P3(pi 


4-p3)(P2 


4-P3),P3(Pl 


+ pa)(fii 


+ P3),P3(P1 4 


"P2)(p2 4-P3)} 




4 


{Pl(Pl +P2)(P1 4 


"P3),PlP3(Pl 4 


-P2),P3(Pl 4 


' P2)(Pl ~ 


t-P3),P2(Pl 4 


-P2)(P2 4 


- P-i),P2P'i(pl 


4" P2),P3(Pl 4- P2)(P2 - 


(-P3)} 


5 


{Pl(pl +P2)(Pl 4 


"P3),PlP2(pl 4 


- P3),P2(Pl 4 


" P2)(Pl ~ 


f-P3),P3(Pl 4 


-P3)(P2 4 


- Pz),P2p-i{pl 


4" P3),P2(Pl 4- P3)(P2 - 


Ms)} 


6 


{P2(pi +P2)(P2 -4 


" P3), PlP2(P2 4 


-P3),Pl(Pl 4 


- P2)(P2 " 


l"P3),P3(pi 4 


-P3)(P2 4 


"P3),PlP3(p2 


4"P3),Pl(pi 4-p3)(p2 - 


Ms)} 



Then the lemma follows from the above argument and Corollary 12. 21 □ 



Remark 6.1. Lemma [6.31 also gives the method of constructing 42 different small covers 
(up to equivariant cobordism) with 6 fixed points. In particular, we easily see the following 
property that for each (S 1 x MP 2 ,$j), two of Af^gi xkp 2 ,* •) are in some J\f(M.P s ,Ti), and 
others are just distributed in four different M(uP 3 ,T il )j^(UP 3 ,T i2 )j^(UP 3 ,T i3 )j^(MP ,3 ,T i4 ) with 
i v ^ i, v — 1, 2, 3, 4. In addition, we also see from the argument of Lemma 16.31 that 

SsiKS 1 x MP 2 ,$ 0l )] + [(S 1 x MP 2 ,$ 06 )] + [(MP 3 , T )]) = 

5-MS 1 x MP 2 , $ 02 )] + [(S 1 x MP 2 , $ 05 )] + [(MP 3 , T )]) = 

SsdiS 1 x MP 2 ,$ 0; J] + [(S 1 x MP 2 ,$ J] + [(MP 3 , T )]) = 

where S3 is the monomorphism of Theorem 12. II This means that actually we need only to 
consider the half of 42 different small covers (S 1 x MP 2 , 3>j),j = 0, 1, 41, such that up to 
equivariant cobordism the union of any two of them is not one of (MP 3 , T), i = 0, 1, 6. 
With no loss we may assume that such 21 different small covers are just (S 1 x MP 2 , $j) , j = 
0, 1, 20, with their tangent representation sets stated in Table II. 



Table II 



Small cover M 


tangent representation set Mm 


(S 1 x RP 2 ,$ ) 


P1P2P3, Pip2{p2 4- pz), piPs(p2 4- pa),pi{pi + P2)(pi 4- pa), pi (pi + P2)(p2 4- P3), 
Pi (pi 4-p 3 )(p2 +P3) 


(S 1 x RP 2 ,$i) 


PlP2pi,plp2{pl + Ps),p2p3{pi + Pa),P2(j>l + P2)(pi 4- P3),P2(pi 4- P2)(P2 + P3), 
P2(pi 4"P3)(P2 +P3) 


(S 1 x RP 2 ,$ 2 ) 


P1P2P3, Plpi{pl 4- p2),p2ps{pi 4- P2), p3(pi + P2)(pi + ps),ps{pl + P2)(p2 4~ P3), 
P3(pi 4- P3)(P2 4- Pi) 


(S 1 x RP 2 ,$ 3 ) 


plp2P3, Plp2(pl + ps),p2p3{pi 4" Pi), P2pz{p\ 4" P3),p2p3{pi + P2 + P'i), 
P2(pi +P2)(pi + p2 + Ps) 


(S 1 x RP 2 ,$ 4 ) 


piP2(pi 4- p 2 4- p 3 ), pips(pi 4- p 2 4- pa), pi (pi 4- p2)(pi 4- p 2 4- p 3 ), 

pi (pi 4-p3)(pi 4-P2 4-p3),P2(pi 4-p2)(pi +P2 4-p3),P3(pi + P:i){pi + P2 + Pa) 


(S 1 x RP 2 ,$ 5 ) 


p\pi{p\ 4~p 2 ),pi(pi 4-p 2 )(pi 4-p 3 ),p 2 (pi 4-p 2 )(pi + pa), 

P3(pi 4- P2)(pi 4- pa),pi{p\ 4- P2)(pi 4- P2 4- P3), (pi 4- P2)(pi 4- P3)(pi 4- p 2 4- P3) 


(S 1 x RP 2 ,$ 6 ) 


Plp2p3,Plp2{p2 + P3),P1P3(P1 + P2), 

PlPi{P2 + p 3 ),PlP3)(Pl 4-P2 4"P3),Pl(pi +P2)(pi 4-P2 4-P3) 


(S 1 x RP 2 ,$ 7 ) 


piP2(pi 4~ P2 + P3), p2pz{pi 4- p 2 4- P3), pi(pi + P2)(pi 4- p 2 4- P3), 

P2(pi 4-p2)(pi 4-P2 4-p3),P2(p2 4"P3)(P1 4"P2 4"P3),P3(P2 4-p3)(pi 4- P2 + P3) 


(S 1 x RP 2 ,$ 8 ) 


P2pa{pl 4- p2),P2{p\ + P2)(p2 + p 3 ),pi(pi + P2)(P2 4- P3), 

P3(pi 4- p 2 )(p2 4- p-i), pi (pi 4~ P2XP1 4- p2 4- P3), (pi + P2){P2 + P3)(pi 4- p2 4- P3) 


(S 1 x RP 2 ,$ 9 ) 


PlP2P3,PlP2(pi 4~ pi),p\P2{p2 4- P3), 

Pip2(pi + P2+ pa), Pip:i(p2 + pz), pi(pi 4- P3)(pi 4- P2 4- P3) 
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(S 1 x 1 


RP 2 


$10) 


P1P3(P1 + P2 + P3),P2P3(P1 + P2 + p 3 ),pi{pi + P3){Pl + P2+ p3), 

P2(P2 + P3){pl + p2 + p3), p3(pi + P3)(pl + p2 + P3), P3\p2 + pi)(pl + p2 + p3 ) 


(S 1 x 1 


RP 2 


$11) 


P2P3(P1 + P3),Pl(pi + Pi)(P2 + p3),Pl{pi + Pi)(pi + P2 + £3), 

P2(Pl + P3)(p2 + P3),P3(PI + P3)(p2 + p3), (pi + P3)(P2 + Pz)(pl + P2 + p3) 


(S 1 x ] 


RP 2 


$12) 


P1P2(P2 + P'i),pi(pi + P2){p2 + p3),P2{pi + P2)(p2 + P3), 

P2{p\ + P3)(P2 + P3), P2(P2 + P3)(Pl + P2 + p:i), (pi + Pa)(P2 + P:i)(Pl + p2 + P3j 


(S 1 x ] 


RP 2 


$13) 


PlP2(pi + p3),piP2(pi + P2 + P3),Pl(pi + P2)(pi + P3), 

Pl(pi + P2)(P2+ P3),Pl(pi + P3)(p2+ P3),Pl(pi + P3)(pl + p2 + p3) 


(S 1 x ] 


RP 2 


$14) 


Pl(pi + P2)(p2 + p 3 ),Pl(pi + P2)(pi + P2 + P3),p2(pi + P2)(pl + P3) , 

P2(Pl + P2)(pi + P2 + P3), (Pi + P2)(Pl + P3)(Pl + P2+ p3), (Pi + P2)(P2 + Pi)(Pl + P2 + P3) 


(S 1 x] 


RP 2 


*ib) 


PlP'i(p2 + P3),Pl(Pl + P3){p2 + Pi),p:i(pl + P2)(p2 + P3) , 

P3(Pl + P3)(P2 + P3), P3(P2 + P3)(Pl + P2 + P3), (Pi + P2)(P2 + P:i)(Pl + p2 + P'i) 


(S 1 x ] 


RP 2 


*ie) 


P1P3(P1 + p2),pl{pl + P2)(pl + P3),Pl(pi + P2)(p2 + p3), 

pi (pi + P2j(pi + P2 + P3j, P3(pi + P2j(pi + P3j, (pi + P2j(p2 + P3j(pi + P2 + P3j 


(S 1 x ] 


RP 2 


$17) 


PlP'i(pl + P2 + p 3 ),Pl(pi + P3)(pl + p2 + Pa), (pi + P2)(pl + P3)(pl + p2 + P3), 

P3(pi + P3j(pi + p2 + P3), (pi + P2)(p2 + P3)(pi + P2 + p3), (pi + P3)(p2 + p3)(pi + P2 + P3) 


(S 1 x ] 


RP 2 


*is) 


P2P3(pl + p3),p2(pl + P3)(p2 + P3),p3(pl + p2)(pi + pa) , 

P3(pl + P3)(pl + P2 + P3),P3(P1 + P3)(p2 + P3), (pi + P2)(pi + P3)(pl + P2 + P3) 


(S 1 x ] 


RP 2 


$19) 


P2p3(pl + P2),p2(pl + P2)(pl + p3),P2(pl + p2)(p2 + Pa), 

P2(pi + P2)(pl + P2+ p 3 ),p3(Pl + P2)(p2 + p3), (pi + P2)(pi + P3)(pl + p2 + P3) 


(S 1 x ] 


RP 2 


$20) 


P2p3(pl + P2 + P3),P2(P2 + p:i)(pl + p2 + Pi), (pi + P2)(pl + p:i)(pl + p2 + Pi), 

Pi(p2 + Pi)(pi +P2+ Pi), (pi + P2)(p2 + P3)(pl + P2+ pi), (pi + Pi)(p2 + p3)(pl + p2 + P3) 



Now let (3 G 9JI3 be an essential generator. By Lemma 13.11 one has known that 
Wp\ < 14. 

Claim 1. \Np\ must be less than 12. 



Proof. If \Np\ = 14, then for each i (i = 0, 1, 6), there must be two monomials d[ , 8% 
in N"mp 3 ,Ti) sucn that 8f and 8® contain in Np. By Lemma T6.3I and Remark 16. 11 an easy 
argument shows that there must be some (S* 1 x IRP 2 ,^) such that jV(51xrp 2 ,* 3 -) C Afp. 
Then 8 = \J\fp+[(s 1 xRP 2 ,<f> j )]\ < \Np\ = 14. However, this is a contradiction since j3 is an 
essential generator. Thus, \Hp\ = 14 is impossible. 

If \J\fp\ = 12, since each A^mps,^) contains at most two monomials in Afp, then Afp = 
{8i, 8 2 , 8%i, 812} has the following two possible cases: (i) all elements of Afp may be 
divided into six pairs {^i,^}, {8n, ^12} that are distributed in six different AfmpapA 
respectively; (ii) Afp may be divided into seven parts {^i,^}, ...,{89,810}, {8u}, {812} 
such that these seven parts are just distributed in Afmpz,T )-> •••;-^ /r (MP 3 ,T 6 ); respectively. 
The similar argument as above also shows that there must be some (S 1 x MP 2 , $j) such 
that for the case (i), at least five elements of Af(s 1 xRP 2 ,<s> ] ) contain in Afp, and for the case 
(ii), at least four elements of Af^xRP 2 ,^ ) contain in Afp. Then \Afp+[(sixRP 2 ,$-)]\ < 10 < 
\Afp\ = 12. This contradicts that (3 is an essential generator. Thus, \Afp\ = 12 cannot 
occur. □ 

Let (M, 0) be a representative of (3 such that ATm is prime, and let (T M , a) be the 
moment graph of (M, 0). 

Claim 2. is connected. 
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Proof. Suppose that Tm is disconnected. Let r be a connected component of Tm- Then 
the restriction a\ r > is still an axial function of T . By Claim 1, one has \Mm\ — 10 so 
the number of vertices of is less than or equal to 10. If |Vjv| = 2, then obviously 
a{E pi ) = ct(E p2 ) for p\,p2 £ V T > , but this is impossible since Mm is prime. If \V T >\ = 4, 
then T must be the 1-skeleton of a 3-simplex, and thus (T , a| r ') is the moment graph of 
some (MP 3 ,Tj). Further, the disjoint union of (M, 0) and (MP 3 ,Tj) forms a (Z2) 3 -action 
with at most six fixed points. This contradicts to the assumption that (3 is an essential 
generator. If \V T i\ = 6, since the number of vertices of Tm is less than or equal to 10, 
Tm must have another connected component with 2 or 4 vertices, so that the problem is 
reduced to the case |Vp'| = 2 or 4. This completes the proof. □ 

By Proposition 15. II and Claim 2, the 2-skeletal expansion iV of (Tm,®) is a connected 
closed surface. By F rM one denotes the set of all 2-nests in K.(r Mj(X y Then one has the 
formula 

(6-1) x(N) = \V TM \-\E TM \ + \F rM \ 

where x(N) is the Euler characteristic of N. Note that |Vr M | = \Mp\ and 3|Vr M | = 2\Er M \. 

Claim 3. The 2-skeletal expansion N of (I'm,®) is a sphere of dimension 2. 

Proof. It suffices to show that the Euler characteristic x(^0 is 2. By Claim 1, one has 
\Mm\ < 10 so one needs to consider the cases of \Mm\ = 4, 6, 8, 10. 

When \Mm\ = 4, if x(N) is not 2, then from (6.1) one has that \Fr M \ < 3, so all 2-nests 
in (Tm,oi) correspond to at most three nonzero elements in Hom(Z2, (Z2) 3 ). However, 
any three nonzero elements in Hom(Z2, (Z2) 3 ) cannot produce four different bases of 
Hom(Z 2 , (Z 2 ) 3 ). Thus, x(N) must be 2. 

When \Mm\ — 6, since any four nonzero elements in Hom(Z 2 , (Z2) 3 ) cannot produce 
six different bases of Hom(Z 2 , (Z2) 3 ), one has that |-Fr M | must be 5 so x(^0 is 2. 

When \Mm\ = 8, if AT is not a sphere of dimension 2, then the above argument makes 
sure that \Fy m \ m ust be 5, and the dual map r\ of a maps five 2-nests of 1C(r M ,a) to five 
different nonzero elements of Hom(Z 2 , (Z 2 ) 3 ), respectively. An easy argument shows that 
any five nonzero elements in Hom(Z 2 , (Z2) 3 ) can be translated into five given nonzero 
elements by applying an automorphism of Hom(Z 2 , (Z 2 ) 3 ). Thus we may choose five 
special elements pi, p\, p%, p\ + P2-.Pl + P3 as being the images of r\ on five 2-nests of 
fc(T M ,a)i where {pi, P2, P3} i s the standard basis of Hom(Z 2 , (Z 2 ) 3 ), which corresponds to 
the standard basis {pi, P2, P3} of Hom((Z 2 ) 3 , Z 2 ). Then from these five chosen elements, 
one may produce just 8 bases of Hom(Z 2 , (Z2) 3 ) as follows: 

|Pl> P2) P3L IPu P2) Pi + Psl) lPl> Psi Pi + P2L \Pn Pi + P2> Pi + Psh 

{p*2, Pi, Pi + P2>> {P*2, Ps> Pi + Pes}> {P2> P*\ + P2> Pi + P$}, {Ph Pi + P*2i Pi + Psl- 
So, Mm consists of 8 monomials P1P2P3, P2Ps(pi + P3), P2Pz{pi + P2), P2Ps(pi + P2 + P3), 
PiPs{pi + P2), PiP2(pi + Pz), Pz{p% + Pz){p% + P2+ P3), p2(pi + P2XP1 + P2 + pz)- Further, 
we see from Table I that M(up 3 ,t 3 ) C Mm, so |A/g+[(Rp3,T 3 )]| < 8. This means that (3 is not 
an essential generator, which gives a contradiction. Thus, when \Mm\ — 8> Wt m \ mus t be 
6 so x{N) is still 2. 

When \Mm\ = 10, suppose that x(N) is not 2. As shown above, any five nonzero 
elements in Hom(Z 2 , (Z 2 ) 3 ) cannot produce ten different bases of Hom(Z 2 , (Z 2 ) 3 ), and 
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thus the only possibility of |Fr M l is 6. Further, one has from (6.1) that x(iV) must be I. To 
ensure that \Hm\ = 10, six 2-nests in /C(r M , Q ) must then correspond to six different nonzero 
elements in Hom(Z2, (Z2) 3 ) by the dual map 77. It is easy to check that any six different 
nonzero elements in Hom(Z2, (Z2) 3 ) can still be translated into the given six different 
nonzero elements by an automorphism of Hom(Z 2 , (Z 2 ) 3 ). Thus, as in the argument of the 
case \Mm\ — 8, it needs to merely consider six special nonzero elements Hom(Z 2 , (Z 2 ) 3 ). 
Take six nonzero elements p{, p 2 , p%, p\ + p 2 , p\ + p%, p* + p* 2 + p* z in Hom(Z 2 , (Z 2 ) 3 ) such 
that they are the images of 77 on six 2-nests, one then may produce 16 different bases of 
Hom(Z 2 , (Z 2 ) 3 ) as follows: {p{, p* 2 , p* 3 }, {p* 2 , p* 3 , pt+p* 2 +P* 3 }, {p{, P 3 , Pi+P 2 +P 3 }, {p*i, P* 2 , P*i+ 

P*2+Pl}, {PtP*l+P*2,P*l+Pt},{P2,P*3,Pt + Pt},{P2,P*l + P2,Pl + Pt},{P2,P*3,Pt + P2}, {P*l + 
P*2, P*l+Pl PI+P*2+PI}, {Pi, Pl+Pl Pl+Pl+Pl}, {Pi, P*l+P*2, Pl+P2+Ps}> {Pi, P*l+P*2, P*l+P 3 }, 

{pl,PtPl + P2^dPl,P*2,Pt + Pt},{ptPl + Pt,Pl + P*2 + Pt},{P*2,P*i + P*2,Pt + P*2 + Pt}- These 
16 bases are dual to 16 bases in Hom((Z 2 ) 3 , Z 2 ), which give the following 16 monomials. 

P\p2p3,P\{p\ +P2XP1 +P3),P2(Pl +P2)(P2 + P3),PlP2(Pl + P2 + P 3 ), 
P2(Pl +P2)(Pl +P2 +P3),PlP2(pi +P3),P3(Pl +Ps)(pi + P2 + P3) , PlP3 (Pi +P2), 

(Pi + P2) (Pi + Pa) (Pi + P2 + P3) , P2 (Pi + p 3 ) (P2 + P3) , P3 (Pi + P2) (P2 + Pa) , P2P3 (pi + P2 + Pa) , 

p2pa(pi + P2), P2pa(pi + Pa), p2(pi + p2)(pi + Pa), Pa(pi + p2)(pi + Pa)- 
One sees that the first row above is just J\f(M.p3 t T ), the second row is J\f(Rp3 t T 3 ), and the third 
row is N(KP*,T 6 ), but p 2 p 3 (pi + p 2 ), p 2 p 3 (pi + p 3 ), p 2 (pi + P2XP1 + p 3 ), p 3 (pi + P2XP1 + p 3 ) 
belong to N(rpz,t{), N{rp*,t 2 )i N(rp 3 ,t 4 ), M(rp 3 ,t 5 ), respectively. Then J\f M must contain 

P2P3(Pl+P2),P2P3(Pl+P3),P2(Pl+P2)(Pl+P3),P3(Pl+P2)(Pl+P3), and \N M rW(RpS )T .) | = 2 

for i — 0, 3, 6. 

Now choose any two 71,72 of p 2 p 3 (pi + p2),p2pa{pi + Pa),p2{p\ + p2){pi + Pa),Pa{p\ + 
P2XP1+P3), it is easy to show that there is always one (S* 1 xlLP 2 , such that ■Af(s 1 xB.P 2 ,<5> j ) 
contains 71, 72- Without loss of generality, we may let 71 = P2PXP1+P2) and 72 = P2P 3 (pi + 
pa). Then one has that A/^ixRi**,-) = {p 2 Ps(Pi + p2),p2pa{pi + Pa), P1P2P3, Pip2(pi + 
Pa),P2Pa{pi + P2 + Pa),P2{pi + P2XP1 + P2 + P3)} with pip 2 P3 e N(rp3,t ), PiP2(pi + 
Pa),p2{pi + P2XP1 + P2 + P3) e N(RP*,T 3 ), p2pa(pi + P2 + Pa) e Af (MP 3 iT6) . If A/" M contains 
at least two of pip 2 p 3 , PiP2(pi + P3), P2P3(Pi + P2 + p 3 ), P2^p\ + P2)(pi + P2 + P3), form the 
disjoint union (M, <p) U (S 1 x RP 2 , $,), then 

|-A//3 + [(51 x RP2 )$j .)]| < 10, 

which contradicts that /3 is an essential generator. Thus, this case cannot occur. If Mm 
contains only one (say u) of pip 2 p 3 , PiPzifh + Pa),p2pa(pi + P2 + Pa),p2(pi + p2){p\ +P2 + 
p 3 ), form the union (M, <p) U (S 1 x RP 2 ,^-) U (MP 3 , 7]) where (RP 3 ,T)) is some one of 
(MP 3 , T ), (RP 3 ,T 3 ), (RP 3 ,T 6 ) such that u & J\f {RP s iTl) , then 

\M'l3+[(S 1 xRP 2 ,^ j )]+[(RP :i ,T l )]\ < 10, 

which leads to a contradiction (note that \J\f[(s 1 xRP 2 ,<5> j )]+[(RP 3 ,T l )] I < 10). Finally, if A/m 
does not contain any one of P1P2P3 , P1P2 (pi + Pa) , P2P3 (pi + P2 + p 3 ) , P2 (pi + P2 ) (pi + P2 + p 3 ) , 
consider the disjoint union of (M, 0) U (S* 1 x RP 2 , with (RP 3 , T 3 ), then a contradiction 
still occurs (i.e., (5 is not an essential generator). This is impossible. Therefore, x(N) 
must be 2. 

Combining the above arguments, we complete the proof. □ 
Lemma 6.4. Let j3 G 9Jt 3 . If (5 is an essential generator, then \J\fp\ < 6. 
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Proof. By Claim 1 it suffices to show that \Mp\ is not equal to 8 and 10. One knows by 
Claim 3 that the 2-skeletal expansion N is a sphere of dimension 2, so Tm is planar and 
in particular, it is the 1-skeleton of a simple convex 3-polytope P 3 . In this case, M is a 
small cover over P 3 , so the axial function a on Tm is dual to the characteristic function 
A on P 3 . 

The argument proceeds as follows. 
Case (i): \Np\ = 8. 

If \J\fp\ = 8, then Tm is the 1-skeleton of a simple convex polytope with 8 vertices. From 
[O] one knows that there are only two different combinatorial types of simple 3-polytopes 
with eight vertices, as shown in Figure [2J If Tm is the 1-skeleton of 3-dimensional cube Pi, 




Pi Pi 



Figure 2. Two simple 3-polytopes with eight vertices 

then it is easy to check that P x does not admit any characteristic function of mapping six 
2-faces into six different nonzero elements in Hom(Z2, (Z2) 3 ), but this is impossible. Thus, 
V m cannot be the 1-skeleton of P\. If V m is the 1-skeleton of P2, taking a triangular facet F 
of P2, then, up to automorphisms of Hom(Z 2 , (Z 2 ) 3 ), it is easy to see that the characteristic 
function A on P 2 maps F with its 3 adjacent 2-faces into either p*,p^p%,p\ + p\ + P3 or 
Pi) P2> P3> Pi + Pi- When A maps F with its 3 adjacent 2-faces into p*, p\, p\, p* + p* 2 + p%, 
obviously there must be some (MP 3 ,Tj) such that \Mp + [(M.P 3 ,Ti)]\ = 6 < 8. This contradicts 
the fact that (3 is an essential generator, and thus this case cannot occur. When A maps 
F with its 3 adjacent 2-faces into p*, p%, P3, pi + p 2 , it is easy to check that there must 
be some (S 1 x MP 2 , $j) such that |A^+[(51 x kp 2 ,$ )]| = 6 < 8. This also is impossible, so 
Tm cannot be the 1-skeleton of P2. Thus, if (3 is an essential generator, then \Mp\ = 8 is 
impossible. 

Case {ii): \Mp\ = 10. 

If \Mp\ = 10, then Tm is the 1-skeleton of a simple convex polytope with 10 vertices. 
From [G] one knows that there are only five different combinatorial types of simple 3- 
polytopes with ten vertices, as shown in Figures [3] and HI An easy argument shows that 




P3 Pa p 5 



Figure 3. Simple 3-polytopes with ten vertices 
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P 6 P-r 



Figure 4. Simple 3-polytopes with ten vertices 



Y m cannot be the 1-skeleton of P3. Since each of P 4 , P 5 , P 6 , P 7 has at least one triangular 
facet, similarly to the proof of case (i), one may prove that T M cannot be the 1-skeleton 
of P^, P 5 , Pq, P 7 , respectively Therefore, \J\fp\ = 10 is impossible, too. 

Combining the above arguments, one completes the proof. □ 



Together with Lemma 16. 2\ Lemma 16.41 and Remark 16.11 we complete the proof of 
Proposition 16.11 

Theorem 6.2. As a vector space over Z 2; OK3 has dimension 13, and it is generated by 
(RP 3 , T ), (MP 3 , Ti), (MP 3 , T 6 ), (S 1 x MP 2 , $ ), (S 1 x MP 2 , $0, (S 1 x MP 2 , $ 4 ), (S 1 x 
MP 2 ,$ 6 ). 

Proof. By Propositions 13.11 and 16.11 any element of DJI3 is a linear combination of 28 small 
covers (RP 3 ,Ti),i = 0,1,..., 6, and (S 1 x RP 2 , j = 0,1, ...,20. Thus, in order to 
calculate the dimension of DJI3, one needs to determine a maximal linearly independent 
set of the above 28 small covers. Let 

6 20 

^[(RP 3 ,^)] +J2 k A(S 1 x RP 2 ), <*>,-)] = 

8=0 j=0 

where U, kj G Z2. Using Stong-homomorphism £3 in Theorem 12.11 one then has that 

6 20 
(6.2) ^^ 3 ([(RP 3 ,T,)]) +J2 k Mi(S 1 x RP 2 ),^)]) = 0. 

i=0 j=0 

Since Hom((Z2) 3 , Z2) gives 28 different bases, from (16.21) and Tables I and II, one obtains a 
equation system formed by 28 equations, such that the coefficient matrix of this equation 
system is 
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By doing elementary row operations, A is changed into 
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so the rank of A is 13, which is just the dimension of Theorem [672] then follows from 
this. □ 
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7. Representatives of equivariant cobordism classes of 9Jt 3 

Given two small covers 7Tj : M™ — > P™, i = 1,2, their equivariant connected sum along 
fixed points can be proceeded as follows: Take a vertex v$ from P™ and let pi be its 
preimage in M*, i = 1,2. With no loss one may assume that (Z 2 ) "-actions are equivalent 
in a neighborhood of pi (actually, if necessary, one can change the action by using an 
automorphism of (Z 2 ) n ). Then one can perform the connected sum equivariantly near the 
fixed points p\,P2- The result is a 2-torus manifold M™(jM^, and its orbit space, P 1 n (jP 2 ™, 
is given by removing a small ball around Vi from P" and gluing the results together. As 
pointed out in |DJj . generally PfjjP^ is not canonically identified with a simple polytope 
but is almost as good in that its boundary complex is dual to some PL triangulation of 
S'^ 1 . However, it is easy to see that if n = 3, P^jjP^ is also a simple polytope, so M^jjM^ 
is a small cover over P^JjPJ 1 . 

Lemma 7.1. There exists a 3- dimensional small cover ir : M 3 — ► P 3 such that M is 
equivariantly cobordant to a 2-torus 3-manifold N with J\f M prime and |JVjv| = 28. 

Proof. Consider two small covers (S l x MP 2 , $ ) an d (S* 1 x MP 2 ,^) over a prism P 3 , 
one sees from Table II that they have fixed points with the same representation p\P2pz- 
Then one can make an equivariant connected sum along the fixed points with repre- 
sentation P1P2P3, such that (S 1 x MP 2 , ^o)^^ 1 x IP 2 , $1) is also a small cover over 
a simple 3-polytope with 10 vertices, and its tangent representation set is just equal 
to A/[(si X ] B >p2 I o )]+[(sixEP2 I $ 1 )], consisting of pip 2 (p2 + Pz),PiPz(p2 + p 3 ),Pi(pi + Pi){p\ + 

P3),Pl(Pl +P2)(p2 +P3),Pl(Pl +P3)(P2 +P3),PlP2(pi +P3),P2P3(Pl +P3),P2(Pl +P2)(Pl + 

P3), P2(pi+P2)(P2+P3), P2(pi+P3)(P2+P3)- From Table I one sees the following properties: 

(a) For any (RP 3 ,Ti), the intersection of A/[( 5 i x irp2,$ )]+[(5 1 xrp2 i $ 1 )] and A/[(rp3 jTi)] is 
always non-empty. 

(b) Two elements pi(pi + p 2 )(pi + p 3 ), P2(pi + P2XP2 + P3) of A/ksixhjwsoM+K^xrp 3 ,*!)] 
contain in J\f [{RP s :To)] . 

Next, one preforms an equivariant connected sum of two copies of (S 1 x MP 2 , ^o)^*^ 1 x 
MP 2 , $1) along the fixed point with representation pi(pi + P2XP1 +P3)- Then the resulting 
(Z 2 ) 3 -manifold M fixes 18 isolated points and is also a small cover over a simple polytope 
with 18 vertices. Obviously, the representations at 18 fixed points of M appear in pairs, so 
M' bounds equivariantly. Since A r [(5ixKP 2 ,* )]+[(5'ixRp2,#i)] \ {Pi(Pi +P2XP1 +P3)} C Af M >, 
by properties (a) and (b), one has that for any (MP 3 , Tj), the intersection N M > ^Nmpz^)] 
is non-empty, so that M' can perform an equivariant connected sum with each (MP 3 ,Tj) 
along the fixed points with the same representation. Let M be the equivariant connected 
sum of M' with all (MP 3 , T t ) in the above way. Then M is just a desired small cover. □ 

Theorem 7.1. Any element (3 in 3JI3 contains a small cover as its representative. 

Proof. If (5 — 0, then the bounding small cover M' in Lemma 17.11 can be chosen as a 
representative of (3. If /3 ^ 0, then j3 is a linear combination of those 13 small covers 
stated in Theorem 16.21 Consider the small cover M constructed in Lemma I7TT1 and take a 
fixed point p of M with representation P1P2P3, one first preforms an equivariant connected 
sum MJjM of two copies of M along the fixed point p, so that M(jM is also a small cover 
and bounds equivariantly. Obviously, one can still preform an equivariant connected sum 
of MJjM with some chosen arbitrarily from 13 small covers stated in Theorem 16.21 such 
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that the resulting 2-torus manifold is a small cover. This means that (3 must contain a 
small cover as its representative. □ 
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